A novel Bethe Ansatz scheme is proposed to deal with topological quantum integrable systems. As an example, the anti-periodic XXZ spin chain, a typical correlated many-body system embedded in a topological manifold, is examined. Conserved "momentum" and "charge" operators are constructed despite the absence of translational invariance and U (1) symmetry. The ground state energy and elementary excitations are derived exactly. It is found that two intrinsic fractional (one half) zero modes exist in most of the eigenstates. The elementary excitations show quite a different picture from that in the periodic boundary case. This method can be applied to other quantum integrable models with nontrivial topology or boundary conditions. Exact quantization in topological manifold is an important issue in modern physics [1] . It is related to several interesting research fields such as quantum topological phases in correlated many-body systems [2], exact quantization in Calabi-Yau manifold in the string theory [3], and many others. Recently, a research focus in topological states of matters [4, 5] is to take correlations into account to seek for new physical effects. Sometimes exact quantization procedure is finally attributed to solve some quantum integrable models [6] . However, those quantum integrable models possess non-trivial topology structure. A formidable problem to fulfill exact quantization in nontrivial topological manifold is the absence of U (1) symmetry, which makes us frustrated to work in a traditional particle-hole representation. We remark that though some methods have been developed to approach quantum integrable models without U (1) symmetry [7] [8] [9] [10] [11] [12] [13] , including the off-diagonal Bethe Ansatz [14, 15] proposed by some of the present authors, with which the formal solutions of the eigenvalues can be expressed in an inhomogeneous t − Q relation, exact quantum numbers and elementary excitations for those models are still unclear because of complicated distribution of Bethe roots associated with inhomogeneous Bethe Ansatz equations.
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In this letter, we propose a novel Bethe Ansatz scheme for obtaining exact quantized spectrum of topological quantum integrable models. By constructing an operator identity of the transfer matrix for arbitrary spectral parameter u, factorized Bethe Ansatz equations (BAEs) about the zero roots of the transfer matrix can be derived. It is found that the root distribution in the complex plane possesses a simple structure, which allows us to define quantum numbers associated with zero roots of the transfer matrix and to calculate physical quantities such as ground state energy and exact elementary excitations (quasi particles) in the thermodynamic limit. A counterpart of momentum operator and a conserved charge (correspondence of U (1) charge in the periodic boundary case) in the topological manifold are also defined to classify the eigenstates and elementary excitations.
To clarify our procedure clearly, we study the antiperiodic XXZ spin chain [16, 17] as a concrete example. The model Hamiltonian reads
(σ x n σ x n+1 + σ y n σ y n+1 + cosh η σ z n σ z n+1 ), (1) with the topological boundary condition
where σ x , σ y , σ z are the usual Pauli matrices and η is the coupling constant. This nontrivial boundary condition mixes the spin up and spin down states in the Hilbert space and makes the system forming a quantum Möbius strip. The U (1) symmetry is thus broken and a discrete Z 2 invariance [H, U ] = 0 is left with U = N j=1 σ x j and U 2 = 1. In the following text, we put η = iγ as an imaginary constant. The real η case can be studied straightforwardly. The integrability of the model is associated with the well-known six-vertex R-matrix
which satisfies the Yang-Baxter equation [18, 19] , where u is the spectral parameter. Let us introduce the monodromy matrix
The transfer matrix t(u) is given by [16] 
where tr 0 denotes trace over the "auxiliary space" 0. From Eqs.(3)-(5) we know that t(u + iπ) = (−1) N −1 t(u) and t(u) as a function of u, is an operator-valued trigonometric polynomial of degree N − 1. The Hamiltonian described by (1) and (2) is given by
The commutativity of the transfer matrices with different spectral parameters ensured by the Yang-Baxter equation implies that they have common eigenstates. Let |Ψ be an eigenstate of t(u), which does not depend upon u, with the eigenvalue Λ(u), i.e., t(u)|Ψ = Λ(u)|Ψ .
Obviously, L(u + iπ) = (−1) N −1 L(u). Λ(u) as a function of u, is a trigonometric polynomial of degree N − 1 and can be expressed in terms of its N − 1 zero roots {z j − η/2|j = 1, · · · , N − 1} and an overall coefficient Λ 0 as follows
The corresponding eigenvalue of the Hamiltonian given by (6) can be expressed as
Bethe Ansatz:
The key point of the present Bethe Ansatz scheme is to construct an operator identity for the transfer matrix, which allows us to derive self-consistent equations determining the zero roots of its eigenvalues. We note that
1,2 and P 1,2 are the projection operators and permutation operator, respectively. With the fusion techniques [20, 21] 
we have the following t − W relation
where
W(u) is an operator-valued degree N trigonometric polynomial of u with [W(u), t(v)] = 0; and id is the identity operator in the Hilbert space. Acting (10) on an eigenstate |Ψ we have
where W (u) is the eigenvalue of W(u). Let
with W 0 a constant (depending on the roots). An important fact is that (12) is a degree 2N polynomial equation and thus gives 2N + 1 independent equations for the coefficients, which determines the N − 1 z j roots, N w l roots and the two constants Λ 0 and W 0 completely. Since Λ(u) is a degree N − 1 trigonometric polynomial of u, the leading terms in the right hand side of (12) must be zero. Therefore,
. (14) Let u = w l in (12) we obtain
The coefficient Λ 0 can be determined by putting u = 0 in (12) as
From the intrinsic properties of the R-matrix, for imaginary η we have
The above relation implies that if z j is a root, z * j must also be a root! Therefore, z j can be classified into 3 sets: (1) real z j ; (2) z l = µ l − iπ/2, with µ l real (this is because its conjugate shifted by iπ becomes itself); (3) complex conjugate pairs. Similarly, we have W * (u * ) = (−1) N W (u), indicating that if w l is a root of W (u), w * l must also be a root! In fact, both the exact numerical solutions for finite N and analytic analysis in the thermodynamic limit (as shown below) indicate that the imaginary parts of a z-root conjugate pair are around ±nη/2 with n ≥ 2 a positive integer. For n = 2, the z-root conjugate pair is accompanied by a w-root conjugate pair with imaginary parts around ±3η/2. For n > 2, the z-root conjugate pair is accompanied by a w-root 4-string with imaginary parts ±(n − 1)η/2 and ±(n + 1)η/2. Such a simple structure of the roots is quite similar to the string structure appeared in the conventional Bethe Ansatz solvable models [22] and allows us to calculate physical properties exactly in the thermodynamic limit. The exact diagonalization of the transfer matrix up to N = 12 was performed numerically and all the roots solved indeed exactly coincide with those by solving the BAEs (13)- (15) . The numerical results for N = 4 and η = 0.6i are shown in Table I . Conserved quantities: Due to the topological boundary, the model possesses neither translational invariance nor U (1) symmetry. Nevertheless we find that
is a conserved quantity and represents the shift operator in the topological manifold. A corresponding "momentum" operator can thus be defined as P q = −i ln t(0). From the definition of the transfer matrix we have t 2N (0) = 1, indicating that the eigenvalues of P q take values of
with l = {−N, −N +1, · · · , N −1} denoting the quantum winding numbers. The topological momentum is related to the z-roots as
Similarly, we have the following conserved charge operator
are two generators of the quantum group [23] associated with the model. The corresponding eigenvalues of charge operator M q is given by
When η → 0, the model tends to an isotropic spin chain and the U (1) symmetry recovers with M q = N j=1 σ x j /2, which is just the U (1) charge. We note that M q may not take values of integers for generic η.
Ground state: For the ground state, all roots z j and w l take real values around zero symmetrically. Taking the logarithm of (14) and its complex conjugate we have
and
where I j is the quantum numbers (integers or half odd integers depending on the parity of N ) associated with the root z j and θ n (x) = 2 cot −1 (coth x tan nγ 2 ). The quantum numbers take values
In the thermodynamic limit N → ∞, we define the density of z-roots and the density of z-holes per unit site as ρ(z) and ρ h (z), the density of w-roots as σ(w), respectively. Taking the continuum limits of (24) and (25) we have
where a n (z) = θ ′ n (z)/(2π), b n (z) = ln ′ | sinh(z −nη/2)|/π and * indicates convolution. With Fourier transformation we readily have
. ρ h (z) is non-zero only in the range |z| > D ( D → ∞ in the thermodynamic limit) with N ∞ D ρ h (z)dz = 1/2 and N −D −∞ ρ h (z)dz = 1/2. The hole density is introduced to ensure the total number of roots to be N −1. Clearly, the holes contribute two fractional (half) modes and zero energy. These holes preserve Kitaev's boundary Mojorana zero modes [24] and exist in most of the eigenstates, despite the present model is defined in a closed ring! The ground state energy density reads
which is the same to that of the periodic chain [25] . It seems that the anti-periodic boundary induces energy deviation only in order of O(1/N ). From the exact numerical diagonalization results we find that besides the ground state there exist several sets of real z j solutions for small γ but their distributions are asymmetric around the origin. Correspondingly, a boundary conjugate pair β ± mη/2 exists in the set of wroots. A typical set of such solutions is shown in Fig.1 . In the thermodynamic limit, β → ±∞ to keep the density functions to be convergent; and to ensure the associated energy to be real, m can only take values of odd integers (≥ 3), coinciding with the numerical results. In this case, the energy is almost degenerate to that of the ground state but the Majorana-like zero modes disappear. Elementary excitations I: The elementary excitations can be obtained by studying the root distribution away from real axis. The first kind of elementary excitations is that a single root locates in the axis Imz = −iπ/2 and all the other roots remain in the real axis. Corresponding to such an excitation, a set of roots derived by exact numerical diagonalization for N = 10 is shown in Fig.2(a) . Let us denote the single complex root as z = α − iπ/2, with α a real number. Accordingly, two w-roots form a conjugate pair w ± = β ± mη/2 with β and m two real numbers, and all the other w-roots keep real. In the thermodynamic limit, by taking the complex roots into account, we can also derive the density ρ(z) for real z j . Notice that the fractional zero modes still exist in this excited state. To ensure the convergence of the density function, the following constraints are needed The above relations not only fix the relative position between the complex z-root and the w conjugate pair but also the imaginary parts of the w conjugate pair. The associated excitation energy reads
The momentum associated with α can be determined by (20) . For η = iπ/2, all the possible zero roots z j lie either in the real axis or the line Imz = −iπ/2. In this case, this kind of excitations is the only possible one and resembles particle-hole type or spin-wave type in the periodic case. Elementary excitations II: When η is away from iπ/2, conjugate pairs of z-roots can exist. Here we consider the solution of one single conjugate pair and all the other roots remain in the real axis. The simplest conjugate pair is given by z ± ∼ α ± η. The corresponding w-roots are formed by a w conjugate pair w ± ∼ α ± 3η/2 and N − 2 real w l . Both the positions and the imaginary parts of the conjugate pairs are determined by convergence requirement of the density functions. A typical set of root solutions describing such an excitation for N = 10 is shown in Fig.3(a) .
In the thermodynamic limit, with a similar procedure used in the above text we obtain the energy of this excitation as
.
Elementary excitations III: General conjugate pair excitation is given by a conjugate pair z ± ∼ α ± nη/2 with n ≥ 3, and all the other z-roots remain in the real axis. In this case, the corresponding w-roots are formed by a four-string ∼ α ± (n + 1)η/2, α ± (n − 1)η/2 and N − 4 real w-roots. A set of roots corresponds to this kind of excitations for N = 10 is shown in Figs.3(c) . In the thermodynamic limit, the excitation energy reads
where f (τ ) = cosh[(1 − δ n−1 − δ n+1 )πτ /2] cosh[(δ n−1 − δ n+1 )πτ /2] and δ m = mγ/(2π) − ⌊mγ/(2π)⌋.
We remark that there is indeed intrinsic difference between elementary excitations in the topological boundary case and those in the periodic boundary case. In the present case, the dispersion of the excitation energy relies only on a single parameter α (or its corresponding quantum number I α /N ) besides the number n ; while in the periodic boundary case, at least two parameters (in terms of Bethe roots, two holes in the real axis) appear in the energy dispersion relation accounting for the spinon excitations [26] . Though only single complex root (or conjugate pair) excitations are discussed, a number of excitations can exist simultaneously in a single eigenstate, indicating that the "quasi-particles" are countable even without U (1) symmetry.
In conclusion, a novel Bethe Ansatz scheme is proposed to deal with the topological quantum integrable models. The factorized Bethe Ansatz equations allow us to perform exact quantization of the spectrum with associated quantum numbers and to derive physical quantities in the thermodynamic limit. For real η, after replacing z j and w l by iz j and iw l , we find the roots have similar structures to those of the imaginary η case but the exci- 
